Abstract-This article initiates a general theory of systems described by multiple models. A complete characterization of the stability of such a systems is given, based on the concept of stable motion between two states. The approach taken is based on a reformulation of the theory of input-output systems initiated independently by Sandberg and Zames. Our formulation in done in such a way that 1) it permits dealing with local models of a physical system, i.e., mathematical models are only assumed to be valid in a neighborhood on an operating condition and 2) the main stability results of the classical theory remain essentially unchanged.
I. INTRODUCTION
Consider the following problem: we have a complex physical device whose mathematical model is either unknown or too complex for our purposes. To proceed with further analysis, a number of standard operating conditions are identified and local models are obtained about each one of these operating points. The situation just depicted occurs rather frequently when working with large industrial facilities, such as in the process control industry, or with a system whose dynamics depends strongly upon a set of parameters, such as in aerospace applications. In control systems, it is a standard practice to deal with this problem by designing controllers at each operating point and then switch or schedule the resulting controllers as a function of the operating conditions. This technique, in its various forms, is generally known as gain scheduling.
The stability and performance of systems described using multiple models has been difficult to capture in the context of a general theory and has remained an important open problem for several decades. Perhaps the best example of this is the case of gain scheduled control systems, mentioned above, which has evolved as an ad hoc approach with little or no theoretical support. Recent references dealing with gain scheduled control systems are [5] , [9] and [10] . In addition, [1] - [4] deal with adaptive stabilization via the use of multiple model analysis. Our assumptions and approach are, however, very different.
The reason for the lack of a formal approach behind this problem is probably the following: roughly speaking there are two conceptually different approaches to stability theory, namely, 1) Lyapunov and 2) input-output methods. The former studies the stability of an equilibrium state of the free or unforced system, while the latter regards systems as mappings between inputs and outputs and assumes that the system is initially at rest (i.e., all initial conditions are nill). Moreover, Manuscript received September 3, 1998; revised June 30, 1999. This work was supported by the Natural Sciences and Engineering Research Council of Canada. This paper was recommended by Associate Editor L. Fortuna.
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1) is essentially a local theory and the lack of external excitations makes dealing with different operating conditions a very difficult task. On the other hand 2) is essentially a global theory, in the sense that the results are valid for all possible functions in a very general (i.e., very rich) space of functions. Therefore, none of the classical stability theories can deal effectively with this problem. This article is motivated by questions such as the following. How can we carry out a global analysis of such systems, based solely on the local information? How can stability of such systems be analyzed? What class of stability would this be: Lyapunov or input-output? Overall our interest is to initiate a theory of systems that can deal with multiple models of the same physical device in a systematic manner, assuming only local information. We assume that a universal global model of the physical system in question is either unknown or too complex to be of any practical use. Local models, on the other hand, are available. The local models might originate from experimental data or derive from a more complex model, if one is available. We provide a definite answer to the stability problem of such a systems based on the concept of stable motion, introduced in Section III. This important concept will be shown to be instrumental and can be seen as a generalization of stability along a trajectory associated with the theory of Lyapunov. At a more fundamental level, the paper also contains a contribution to the theory of input-output systems. Indeed, our view of systems is inspired by the notion of input-output systems as proposed independently by Sandberg [6] - [8] and Zames [14] , [15] . However, we will depart from the classical theory in two fundamental aspects: 1) only local models will be used, in a way to be defined and 2) systems will be defined as a mapping from input to state rather than from input to output. Point 2) above will make it possible the incorporation of initial conditions into the problem, an issue of fundamental importance in this paper. Willems [13] , looking for equivalences between the notions of input-output stability and stability in the sense of Lyapunov, was the first one to recognize the importance of the state and its connection with the input-output theory. Input to state systems where further studied by Sontag [11] , [12] . Our interest is, however, different from these references. Possible connections between the notion of stability in this paper and local stability in the sense of Lyapunov will not be pursued.
II. PRELIMINARIES: GROUND RULES
In the sequel R represents the field of real numbers, R n the set of n-tuples of real numbers, and R + the set of nonnegative elements of R. We will focus our attention on dynamical systems whose behavior near a certain operating condition can be approximated by a state space realization of the following form:
where x 2 R n is the state vector, u is the input function, and X represents an abstract space of functions to be defined. We will also denote by x(t; t0 ; x0; u) to the state trajectory that initiates at t = t0 with ini-
This description is incomplete since it does not clearly specify what is understood by near a certain operating condition and it does not define the properties of the functions f and h. We are after a formulation that captures the notion of local model, in a sense to be defined. The local behavior of a system is usually associated with the Lyapunov theory of systems. In the context of this article, the main shortcoming 1057-7122/00$10.00 © 2000 IEEE of this concept is the lack of external sources of excitation, which is intrinsic in this theory. We will present an input-output formulation where we will single out a space of input functions that captures the concept of the small signal. Throughout the rest of the paper, R + will typically be of the form = [t 1 ; t 2 ] or = [t 1 ; 1). Z is the linear space of measurable functions z: ! R q . We will denote by X the binormed linear subspace X of Z, defined as follows: X = fu 2 Z: k 1 k1 < 1; and k 1 k2 < 1g
where k 1 k 1 and k 1 k 2 are the usual L 1 and L 2 norms. Whenever clarity so requires, we will write X([t 0 ; t 1 ]) to indicate that X is defined 8t 2 [t0; t1]. The extension of the space X , denoted Xe, is defined as the space of all functions u whose truncation u T belongs to X , where
We will also need the subset X Q of X , defined as follows: X Q = fu 2 X: kuk 1 < Qg:
Similarly, if x(t) represents a motion in the state space, then x(t) can be seen as a function R ! R n . The set of bounded motions, denoted X , is defined as follows:
We will say that the pair (xe; ue) is an equilibrium point of the system (1) and (2) if given a function u e 2 X; 9 x e 2 R n f(x e ; u e ) = 0 8t t 0 :
The functions f and h in (1) and (2) define the functional relation between inputs and outputs. The study of this functional relation is the objective of theinput-output theory of systems and is central to our discussion. A main limitation in the input-output formulation is that ignoring the concept of state makes it impossible to deal with the effect of initial conditions and systems must be assumed relaxed (see for example [14] , [15] ). To circumvent this issue, which is crucial in this paper, we choose to maintain the spirit of the input-output formulation, but to consider systems as a mapping from input to state. With this background we now define the concept of local model, to be used throughout the rest of the paper. 
According to this definition, a local model of a physical system is simply a state-space description of the form (1) and (2) such that 1) (xe; ue) is an equilibrium point and 2) the mapping from input to state (and so also from input to output) is well defined, provided that the following holds.
(a) The initial state x0 at t = 0 is within an neighborhood of xe, with the neighborhood defined according to the Euclidean norm in R n .
(b) The input function u is in a Q neighborhood of ue (with neighborhood defined in the sense of the binormed linear space X ). In general, a local model can be seen as a mapping from X Q ! X e . This notion of local stability is, in essence, an input-output formulation. The conditions of Definition 2 are, however, stronger than other similar concepts introduced elsewhere. According to this definition, a locally stable system is one where small signal inputs produce motions that have finite energy and are also bounded in amplitude. Notice that the only input functions and initial states of interest are those satisfying 1) (u 0 ue) 2 L2; ku 0 uek Q and 2) jx 0 xe)j1 < . Given the above input conditions, stability is achieved if the state satisfies 1i) (x(t) 0 xe(t)) 2 L2 and 2) kx(t) 0 xe(t)k1 < . is easy to show that for these two sets to be defined in a meaningful manner we must have A D. To see this, notice that given u 2 XQ, x(t 2 ; t 0 ; x 0 ; u) = x(t 2 ; t 1 ; h(t 1 ; t 0 ; x 0 ; u); u), for all t 0 t 1 t 2 .
In other words, the state at time t1 generated by u can be considered as an initial condition for the same input applied at t = t1. Thus, we must have A D. Also, x(t 0 ; t 0 ; x 0 ; u) = x 0 for all t 0 2 R + ; x 0 2 R n and u 2 XQ. Thus, A D and we have that A = D. It then follows that a locally stable system maps A into itself. We summarize this final remark in the following property. (b) The initial state x 0i 2 R n is such that jx 0i 0 x ei j i , i.e., x0i 2 Ai R n .
With these assumptions, each function fi maps the initial state x0i in A i into itself.
Assume now that we wish to steer the state of the system from x 0 to a final state x f at t = t f . Clearly, if x0; x f 2 A k for some 0 < k m, then the problem reduces to finding a suitable input function u 2 X e and it represents no challenge of interest in this paper. If, however, the initial and final states belong to the domain of definition of different local models, then none of the local models provides useful information as to how to reach this state, or whether this is at all possible. In this section we study precisely this problem. Notice that the several notions of stability commonly encountered in the literature invariably refer to a mathematical model and either an initial condition in a neighborhood of a certain reference point (in a Lyapunov setting) or a function taken from a certain space with zero initial conditions (in an input-output setting). The situation proposed here is clearly very different.
In order to give a precise solution to the stability problem and also to be able to pursue further studies, we now introduce the important concept of stable motion from x0 to x f . (ii) For each t = t 3 we have:
(ii-a) x(t Definition 3 can be seen as a generalization of the concept of stability along a trajectory in the sense of Lyapunov. Notice however that while the later applies to systems with a predetermined input function, our definition is much more general. The key element in this concept is defining Condition (ii). According to this condition, for each t, x(t) must be in the domain of definition of at least one of the local models [Condition (ii-a)]. Moreover, (ii-b) implies that the instantaneous value of the input function u(t) must be in the domain of the same local model. Thus, at all times, the instantaneous evolution of the state is captured by one of the local models. u T (t) = u 1 ; t 0 t < t 1 u 2 ; t 1 t < t 2
. . .
um; tm01 t < t f :
It then follows by construction that at any time t 3 2 [t i ; t i+1 ]; i = 1; 2; 1 11;m 0 1, the state x(t 3 ) is strictly contained in Ai and, moreover, k(u(t 3 ) 0 u ei )k 1 < Q i . Thus, both the input and the state are in the domain of the same local model, and the theorem is proven. 4
Theorem 1, along with the concept of stable motion provides a vehicle for the study of systems described by multiple models. Every local model can be seen as a mapping from an initial state x 0i to a neighborhood Ai of x0i in the state space. In a given practical problem we are typically interested in ensuring that a physical system is free to move around a region of the state space, denoted by M. According to Theorem 1, the m local models of the system must be such that the following holds.
• M [ m i=1 Ai. These properties guarantee that stable motion can occur between any two points in M. 
IV. FEEDBACK SYSTEMS
So far our discussion has been restricted to open loop systems. Since our view of systems departs from the classical input-output theory, it is important to review whether or not this reformulation preserves some of the main stability results in the theory, in particular, the celebrated small gain theorem. Theorem 2 shows that it is indeed possible to obtain a local version of this classical result. (1) and (2) to the entire space X e rather than X Q .
We will denote by the feedback systems S to the interconnection of the subsystems H i : X e ! X e ; i = 12 represented graphically, as shown in Fig. 1 . 
Then, if the product of the local gains 2 (H1) 2 (H2) < 1, and (13) and (14) we have that (u 0 u 0 ) 2 X Q ) ke 0 e 0 )k 2 < 1; kz 0 z 0 k 2 < 1 and the theorem is proven. guarantees that (u 0 u 0 ) 2 X Q ) (e 0 e 0 ) 2 X Q1 , (z 0 z 0 ) 2 X Q2 .
V. CONCLUDING REMARKS
This paper initiates a theory of systems described by multiple local models and contains several important contributions. In the first place, a reformulation of the classical theory of input-output was presented, the key element being the small signal character of our formulation. It was shown that the definitions are useful in that they allow the extension of the celebrated small gain theorem, and moreover they brings a local character to the theory of input output systems.
There is an important point about this concept. When dealing with stability in the sense of Lyapunov, it is usually very difficult to estimate the region of local stability or to verify via experiment that the system is indeed working in this region. Thus, global results are usually sought. The present case is very different. Here, local stability is defined with respect to the size of the input functions and thus it can be directly verified by the user and enforced by the designer.
A major contribution of the article is the introduction of the concept of stable motion between the states and its application in the study of stability of systems described by multiple models. Indeed, we presented a rather simple yet complete characterization of this long lasting problem. An application of this concept is in the solution of the so-called gain scheduled control problem. This extension will be reported separately.
